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Let R be a maximal order and A, B be R-ideals of R . Clearly
(AB)∗ ⊇ B∗A∗ is satisﬁed and if R is a Dedekind prime ring, the
equality holds, i.e., (AB)∗ = B∗A∗. However, the equality is not true
in general. In this paper, we answer the question: If R is a maximal
order when is (AB)∗ = B∗A∗ for all non-zero R-ideals of R? We
call prime Noetherian maximal orders satisfying this property,
generalized Dedekind prime rings. We give several characterizations
of G-Dedekind prime rings and show that being a G-Dedekind
prime ring is a Morita invariant. Moreover, we prove that if R is
a PI G-Dedekind prime ring then the polynomial ring R[x] and the
Rees ring R[Xt] associated to an invertible ideal X are also PI G-
Dedekind prime rings.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Anderson and Kang [3], and Zafrullah [19] studied the question: if R is a commutative integral
domain when is
(AB)−1 = A−1B−1 for all non-zero fractional ideals A and B of R? (1)
Authors call commutative integral domains satisfying (1), pseudo-Dedekind domains and G-Dedekind
domains, respectively. In this paper we study the analogue of this question for non-commutative
maximal orders.
Let R be a maximal order and A, B be R-ideals of R . Clearly (AB)∗ ⊇ B∗A∗ is satisﬁed and if R
is a Dedekind prime ring, the equality holds, i.e., (AB)∗ = B∗A∗ . However, the equality is not true in
general. Therefore it is natural to ask for a characterization of maximal orders satisfying
for all R-ideals A, B; (AB)∗ = B∗A∗. (1)′
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Since Dedekind prime rings satisfy (1)′ , we call prime Noetherian maximal orders satisfying (1)′ ,
generalized Dedekind prime rings (G-Dedekind prime rings).
In Section 3, we give several characterizations of G-Dedekind prime rings. We show that a prime
Noetherian maximal order R is a G-Dedekind prime ring if and only if Cl(R) = Pic(R) where Cl(R)
denotes the divisor class group of R and Pic(R) is the Picard group of R . The class of G-Dedekind
prime rings is a broad class which includes both the class of Dedekind prime rings and the class of
Noetherian UFR’s (see [8]). Moreover, prime Noetherian maximal orders with global dimension  2
are examples of G-Dedekind prime rings. In Section 3, we include both an example of a G-Dedekind
prime ring R which is not Dedekind prime with gl-dim(R) = 3 and an example of a prime Noetherian
maximal order which does not satisfy (1)′ .
In Section 4, we show that being a G-Dedekind prime ring is a Morita invariant by showing that
if R is a G-Dedekind prime ring then so are the matrix ring Mn(R) and the ring e Re where e is an
idempotent such that Re R = R .
We note that; (a) if R is a Dedekind prime ring then R[x] is a G-Dedekind prime ring (which
need not be Dedekind prime), and (b) if R is a Noetherian UFR then R[x] is a G-Dedekind prime
ring. In Section 5 Theorem 5.4, we prove that if R is a PI G-Dedekind prime ring then R[x] is also
a PI G-Dedekind prime ring. In the commutative case, Anderson and Kang [3] and Zafrullah [19]
proved that if R is a G-Dedekind domain then R[x] is also a G-Dedekind domain by using the lemma
of Dedekind–Mertens (see [10]). Since every commutative ring is a PI-ring and we use a different
method, the proof of Theorem 5.4 can also be considered as an alternative proof for this result in
commutative Noetherian case.
In the last section, we prove that the Rees ring R[Xt] associated to an invertible ideal X is a PI
G-Dedekind prime ring when R is.
2. Preliminaries and notation
All rings will be assumed to have an identity element. Let R , S be orders in a quotient ring Q .
The rings R and S are said to be equivalent if there exist units a,b, c,d ∈ Q such that aSb ⊆ R and
cRd ⊆ S . The ring R is called a maximal order if there is no order in Q equivalent to R and strictly
containing R .
Let R be an order in a quotient ring Q . Then a subset I of Q is called an R-ideal if (i) I is an R–R
bimodule; (ii) I contains a unit of Q ; (iii) there exist units u, v ∈ Q such that uI ⊆ R and I v ⊆ R .
For an R-ideal I , deﬁne Ol(I) = {q ∈ Q : qI ⊆ I} and Or(I) = {q ∈ Q : Iq ⊆ I}. It is easily seen (e.g.
as in [15, Proposition 3.1, p. 7]) that R is a maximal order if and only if Ol(I) =Or(I) = R for every
R-ideal I .
Deﬁne I∗ = {q ∈ Q : qI ⊆ R} and I+ = {q ∈ Q : Iq ⊆ R}. It can easily be seen that I∗ = I+ when R
is a maximal order. I is a reﬂexive R-ideal if I∗∗ = I . An R-ideal T is invertible if T ∗T = T T ∗ = R .
Clearly an invertible ideal is reﬂexive.
A prime ideal P is said to have height 1 if P does not properly contain a chain of two distinct
prime ideals.
A ring R is called a unique factorization ring (UFR) if R is a prime left and right Noetherian ring
such that every non-zero prime ideal of R contains a non-zero principal prime ideal (see [8]).
A PI-ring is a ring satisfying a polynomial identity. A Noetherian ring R is said to have enough
invertible ideals if every non-zero ideal of R contains an invertible ideal. Since an ideal which is
generated by a regular central element of R is clearly invertible, prime polycentral rings and prime
Noetherian PI-rings each have enough invertible ideals.
Let R be a ring, I an ideal of R . The Rees ring associated to I is the ring:
R[It] = R + It + I2t2 + · · · + Intn + · · · ⊂ R[t]
which is obviously a graded subring of R[t] isomorphic to R ⊕ I ⊕ I2 ⊕ · · · ⊕ In ⊕ · · · .
Conditions will be assumed to hold on both right and left, unless otherwise stated. For any unex-
plained terminology we refer the reader to [7] or [11].
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As we mentioned in the introduction, since a Dedekind prime ring satisﬁes (1)′: (AB)∗ = B∗A∗ for
all R-ideals A, B , we call prime Noetherian maximal orders satisfying (1)′ , generalized Dedekind prime
rings (G-Dedekind prime rings).
In this section we give examples and characterizations of these rings and we prove further results
in the next sections. We note that one of the characterizations we have (Theorem 3.1(5)), turns out
to be the class of rings studied from a different perspective by Cozzens and Sandomierski [9].
Let R be a maximal order in Q ; it is known by [4] that the set D(R) of all reﬂexive R-ideals
becomes an Abelian group under multiplication “◦” deﬁned by A ◦ B = (AB)∗∗ . We denote the divisor
class group of R by Cl(R) = D(R)/Princ(R) where Princ(R) is the subgroup of D(R) which are principal,
and the Picard group of R by Pic(R) = Inv(R)/Princ(R) where Inv(R) is the group of invertible R-ideals.
Theorem 3.1. For a ring R, the following conditions are equivalent.
(1) For each R-ideal A, A∗∗A∗ = R and A+A++ = R.
(2) R is a maximal order and (AB)∗ = B∗A∗ for all R-ideals A and B of R.
(3) R is a maximal order and the product of reﬂexive R-ideals is reﬂexive.
(4) R is a maximal order and D(R) = {reﬂexive R-ideals} is a group with the usual product.
(5) R is a maximal order and every reﬂexive R-ideal is invertible.
(6) R is a maximal order and Cl(R) = Pic(R).
Proof. (1) ⇒ (2) Suppose that for each R-ideal A, A∗∗A∗ = R and A+A++ = R . To show that R is a
maximal order, we need to show that Ol(I) =Or(I) = R for every R-ideal I of R . Take any R-ideal I
and let x ∈Ol(I), i.e., xI ⊆ I . Then I∗xI ⊆ R and I∗x ⊆ I∗ which gives I∗∗ I∗x ⊆ I∗∗ I∗ so by assumption
x ∈ R . Similarly Or(I) ⊆ R can be shown. Therefore R is a maximal order.
Now take any two R-ideals A and B . We always have B∗A∗ ⊆ (AB)∗ because B∗A∗AB ⊆ R . Now,
we have (AB)(AB)∗A ⊆ A and since R is a maximal order we get B(AB)∗A ⊆ R and so (AB)∗A ⊆ B∗ .
It can easily be shown that ((AB)∗A)∗∗ = ((AB)∗A∗∗)∗∗ . Hence we have (AB)∗A∗∗ ⊆ ((AB)∗A)∗∗ ⊆ B∗
which gives (AB)∗ ⊆ B∗A∗ by assumption.
(2) ⇒ (3) Let C and D be reﬂexive R-ideals. We need to prove that CD is reﬂexive. We have
(CD)∗∗ = ((CD)∗)∗ = (D∗C∗)∗ by assumption. If we apply the assumption again we get (D∗C∗)∗ =
C∗∗D∗∗ = CD since C and D are reﬂexive. Therefore we get (CD)∗∗ = CD .
(3) ⇒ (4) Suppose that R is a maximal order and the product of reﬂexive R-ideals is reﬂexive.
Since R is a maximal order, by the above note D(R) is a group with respect to the operation A ◦ B =
(AB)∗∗ . By assumption we get, A ◦ B = (AB)∗∗ = AB and so D(R) is a group with the usual product.
(4) ⇒ (5) Suppose that (4) holds. Then every reﬂexive R-ideal will have an inverse, i.e., every
reﬂexive R-ideal will be invertible.
(5) ⇒ (1) Since R is a maximal order it is enough to show that A∗∗A∗ = R . But this is clear
because A∗∗ is a reﬂexive ideal.
(5) ⇒ (6) Clear.
(6) ⇒ (5) Suppose that Cl(R) = Pic(R) and take any reﬂexive R-ideal A. Then the image of A in
Cl(R) is an element of Pic(R). Therefore there exists an invertible R-ideal X such that A ◦ X−1 is
principal, say A ◦ X−1 = X1. Thus A = X1 ◦ X is invertible. 
We can conclude by the above theorem that if R is a prime Noetherian ring, then R is a G-
Dedekind prime ring if and only if one (hence all) of the conditions in Theorem 3.1 is satisﬁed.
The examples of G-Dedekind prime rings range from Dedekind prime rings and Noetherian UFR’s
to prime Noetherian maximal orders with global dimension  2. We now give a speciﬁc example of
a G-Dedekind prime ring R which is not Dedekind prime with gl-dim(R) = 3.
Example 3.2. By [6, Example 7.3], there exists a scalar local polycentral Noetherian ring R with a
unique height 1 prime ideal which is centrally generated principal and gl-dim(R) = 3. By Corol-
lary 6.4(i) in the same paper, this ring R is a maximal order.
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all reﬂexive ideals are invertible. By [9, Theorem 1.6], in a maximal order every maximal reﬂexive
ideal is height 1 prime. Therefore the above ring R has a unique maximal reﬂexive ideal which is also
invertible. Since R is a Noetherian maximal order with enough invertible ideals, every reﬂexive ideal
and moreover every reﬂexive R-ideal is invertible. Therefore by Theorem 3.1(5), R is a G-Dedekind
prime ring. However since gl-dim(R) = 3, R is not a Dedekind prime ring.
In [3] and [19], many examples of commutative maximal orders with reﬂexive ideals which are not
invertible are given. Here we give Example 3.4 as a non-commutative example of a prime Noetherian
maximal order with a reﬂexive ideal which is not invertible. In other words, it illustrates a prime
Noetherian maximal order which does not satisfy (1)′ . We ﬁrst state the following theorem for com-
pleteness.
Theorem 3.3. (See [1].) Let R be a prime Noetherian maximal order with enough invertible ideals; if P is a
height 1 prime ideal of R then P is a maximal reﬂexive ideal of R.
Example 3.4. By [5, Example 35], there exists a prime Noetherian smooth PI-ring R which is also
a maximal order with a (unique) height 1 prime ideal P which is not a projective R-module on
either side. This height 1 prime ideal P is maximal reﬂexive by Theorem 3.3. However since P is not
projective, it is not invertible. Thus this ring R has a reﬂexive ideal which is not invertible, so R does
not satisfy (1)′ and R is not a G-Dedekind prime ring.
4. Morita Invariance
In this section we prove that being a G-Dedekind prime ring is a Morita invariant. We need the
following result due to Small, [17], in order to prove that if R is a G-Dedekind prime ring then so is
the ring e Re where e is an idempotent element of R such that Re R = R .
Theorem 4.1. (See [17, Theorem 3].) Suppose R has a quotient ring Q which is Artinian. If e is an idempotent
in R then, the quotient ring of e Re exists and is eQ e which is Artinian.
Theorem 4.2. If R is a G-Dedekind prime ring, then so is the ring e Re, where e is an idempotent element of R
such that Re R = R.
Proof. Since being prime Noetherian is a Morita invariant, e Re is also a prime Noetherian ring.
By Theorem 3.1(1), if we can show that for each e Re-ideal T ′ , we have (T ′)∗∗(T ′)∗ = e Re and
(T ′)+(T ′)++ = e Re, we are done. By Theorem 4.1, the quotient ring of e Re is eQ e where Q is the
quotient ring of R . Now let T ′ be any e Re-ideal. Then T ′ = e Re T ′e Re = eT e where T = Re T ′eR is a
non-zero R-ideal of R . Now T is an R-ideal because clearly T is an R–R bimodule. It contains a unit
of Q because T ′ contains a unit u of eQ e, and since u is also an element of Q , u = xc−1 for x, c ∈ R ,
c is regular. Since u is also in T , we have xc−1 ∈ T and x ∈ T c ⊆ T hence RxR ⊆ T and RxR is a
non-zero ideal of R , therefore it contains a regular element of R which is a unit of Q . Similarly other
conditions of being an R-ideal can be shown.
Claim. eT ∗e = (eT e)∗ .
Proof of the claim. eT ∗eeT e = eT ∗ Re RT e = eT ∗T e ⊆ e Re therefore eT ∗e ⊆ (eT e)∗ . Conversely sup-
pose x ∈ (eT e)∗ , then xeT e ⊆ e Re and so xeT Re R ⊆ e Re R = eR which gives xeT ⊆ eR . Then we get
RxeT ⊆ R and Rxe ⊆ T ∗ which implies that exe ∈ eT ∗e. Therefore we have shown that e(eT e)∗e ⊆
eT ∗e. But (eT e)∗ ⊆ eQ e so e(eT e)∗e = (eT e)∗ ⊆ eT ∗e. Hence the claim is true.
Similarly, (eT ∗e)∗ = eT ∗∗e = (eT e)∗∗ and (T ′)∗∗(T ′)∗ = (eT e)∗∗(eT e)∗ = eT ∗∗eeT ∗e =
eT ∗∗ Re RT ∗e = eT ∗∗T ∗e = e Re since R is a G-Dedekind prime ring. Similarly (T ′)+(T ′)++ = e Re can
be shown. Thus e Re is a G-Dedekind prime ring. 
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ring Q if and only if Mn(R) is a semiprime right Goldie ring with right quotient ring Mn(Q ).
Theorem 4.3. If R is a G-Dedekind prime ring, then so is the ring Mn(R).
Proof. Since being prime Noetherian is a Morita invariant, Mn(R) is also prime Noetherian. We show
that Mn(R) satisﬁes Theorem 3.1(5) to prove that Mn(R) is a G-Dedekind prime ring. By [16, Propo-
sition 5.1.5], Mn(R) is a maximal order and each Mn(R)-ideal has precisely the form Mn(A) with A
an R-ideal. Therefore it remains to show that every reﬂexive Mn(R)-ideal is invertible. Let B be a
reﬂexive Mn(R)-ideal. Then it is of the form B = Mn(I) for some R-ideal I .
Claim. B∗ = Mn(I∗).
Proof of the claim. B = Mn(I) and Mn(I)Mn(I∗) ⊆ Mn(R), thus Mn(I∗) ⊆ B∗ . Now B∗ = Mn(K ) for
some R-ideal K . So, Mn(I)Mn(K ) ⊆ Mn(R), which means I K ⊆ R , thus K ⊆ I∗ which gives B∗ =
Mn(K ) ⊆ Mn(I∗), hence B∗ = Mn(I∗).
Similarly, it can be shown that B∗∗ = Mn(I∗∗), and since B is a reﬂexive Mn(R)-ideal, I is a reﬂex-
ive R-ideal. Since R is a G-Dedekind prime ring, I is invertible which implies that B is an invertible
Mn(R)-ideal. 
We now can conclude by Theorems 4.2 and 4.3 that being a G-Dedekind prime ring is a Morita
invariant.
5. Polynomial rings over PI G-Dedekind prime rings
We note that; (1) if R is a Dedekind prime ring then R[x] is a G-Dedekind prime ring (which need
not be Dedekind prime), and (2) if R is a Noetherian UFR then R[x] is a G-Dedekind prime ring. In
this section, in Theorem 5.4, we prove that if R is a PI G-Dedekind prime ring then R[x] is also a PI
G-Dedekind prime ring.
In the commutative case, Anderson and Kang [3] and Zafrullah [19] proved that if R is a
G-Dedekind domain then R[x] is also a G-Dedekind domain by using the lemma of Dedekind–
Mertens [10]. Since every commutative ring is a PI-ring and we use a different method, the proof
of Theorem 5.4 can also be considered as an alternative proof for this result in the commutative
Noetherian case.
We start with stating the results we need, for completeness.
Lemma 5.1. (See [1].) Let R be a Noetherian maximal order; then any reﬂexive ideal A can be written in the
form
A = (P1 . . . Pn)∗∗
where Pi are height 1 primes.
Lemma 5.2. (See [1].) Let R be a prime Noetherian maximal order; then every invertible ideal contains a
product of maximal reﬂexive ideals.
Let R be a prime Noetherian ring with enough invertible ideals. Let Q be the quotient ring of R .
Deﬁne
S = {q ∈ Q : Bq ⊆ R for some 0 = B ideal of R}.
Then as shown at the beginning of Section 2 of [13], S is a simple Noetherian ring.
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R[x] such that A ∩ R = (0). Then A is an invertible ideal of R[x].
Proof. By [14, Proposition 1.3], R[x] is a maximal order. Since A is a maximal reﬂexive ideal, it is
a height 1 prime ideal of R[x] by [9, Theorem 1.6]. Therefore A ∩ R is a height 1 prime ideal of R
(A∩R = (0)). Now since R is a prime Noetherian PI maximal order, by Theorem 3.3 A∩R is a maximal
reﬂexive ideal and therefore it is invertible since R is a G-Dedekind prime ring. Since (A ∩ R)[x] ⊆ A,
(A ∩ R)[x] is a prime ideal of R[x] and A is a height 1 prime ideal of R[x] we get (A ∩ R)[x] = A and
therefore A is also invertible. 
Theorem 5.4. If R is a PI G-Dedekind prime ring then so is the polynomial ring R[x].
Proof. Since R is a prime Noetherian ring, so is R[x]. By [2], R[x] is also a PI-ring. In order to prove
that R[x] is a G-Dedekind prime ring, we show that R[x] satisﬁes Theorem 3.1(5). By [14, Propo-
sition 1.3], R[x] is a maximal order. Therefore it remains to show that every reﬂexive R[x]-ideal is
invertible. Since R[x] is a Noetherian PI maximal order, it is enough to show that every maximal re-
ﬂexive ideal is invertible. Because then every reﬂexive ideal and therefore every reﬂexive R[x]-ideal is
invertible. Thus let A be a maximal reﬂexive ideal of R[x]. 
Case 1. A ∩ R = (0).
By Lemma 5.3, A is invertible and we are done for this case.
Case 2. A ∩ R = (0).
Since A ∩ R = (0), AS[x] = S[x] where S is the ring deﬁned above: If AS[x] = S[x] there exist
f1(x), . . . , fn(x) ∈ A and there exist s1(x), . . . , sn(x) ∈ S[x] such that
f1(x)s1(x) + · · · + fn(x)sn(x) = 1.
Now let s1(x) = s′0+ s′1x+· · ·+ s′mxm . By deﬁnition of S and since R is a prime PI maximal order, there




j ⊆ R for j = 0,1, . . . ,m. Now if we take B(1) = B ′0 . . . B ′m ,
we get s′j B
(1) ⊆ R for every j = 0,1, . . . ,m. Thus s1(x)B(1) ⊆ R[x]. Similarly, there exist invertible
ideals B(k) of R such that sk(x)B(k) ⊆ R[x] for k = 1, . . . ,n. Therefore if we take B = B(1) . . . B(n) we
get sk(x)B ⊆ R[x] for k = 1, . . . ,n. Now take any b ∈ B we have
f1(x)s1(x)b + · · · + fn(x)sn(x)b = b.
Since sk(x)b ∈ R[x] we get b ∈ A, which is a contradiction since A ∩ R = (0). Therefore AS[x] = S[x].
AS[x] is a non-zero two-sided ideal of S[x]: Clearly AS[x] is a right ideal of S[x]. Now we need
to prove that if s(x) ∈ S[x] then s(x)AS[x] ⊆ AS[x]. As we have shown above there exists an in-
vertible ideal B of R such that s(x)B ⊆ R[x]. We have B[x](B−1[x]AB[x]) ⊆ A, A is a prime ideal
and B[x]  A (since A ∩ R = (0)). Thus B−1[x]AB[x] ⊆ A and B−1[x]A ⊆ AB−1[x]. Now, s(x)AS[x] =
s(x)B[x]B−1[x]AS[x] ⊆ s(x)B[x]AB−1[x]S[x] ⊆ AS[x] and we are done.
AS[x] = f (x)S[x] for some central element f (x) of S[x]: (It is well known that if S is a simple ring
then every non-zero ideal of S[x] is centrally generated principal. We give a proof for this fact for
completeness.) Say I = AS[x]. By above paragraph I is a two-sided ideal of S[x]. Let f be a non-zero
element of I of least degree, deg( f ) = n say. The subset of S consisting of zero together with the
leading coeﬃcients of elements of I of degree n is a non-zero ideal of S which must be equal to S
(since S is simple). Thus we may suppose that f is monic. A division-algorithm argument can now be
used to show that if g ∈ I then g = f q + r for some q, r ∈ S[x] with deg(r) < deg( f ). But r ∈ I so by
minimality of n, r = 0. Hence I = f S[x]. Furthermore f is central in S[x] because xf = f x and for all
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f (x).
A = AS[x] ∩ R[x]: Clearly A ⊆ AS[x] ∩ R[x]. Now for the converse, let g(x) ∈ AS[x] ∩ R[x]; then
g(x) = f1(x)s1(x) + · · · + fn(x)sn(x), f i ∈ A and s j ∈ S[x],
and g(x) ∈ R[x]. We know that there exists an invertible ideal C of R such that s j(x)C ⊆ R[x] for
every j = 1, . . . ,n. Thus g(x)C[x] ⊆ A and therefore R[x]g(x)R[x]C[x] ⊆ A. Since A is a prime ideal
and C[x] A we get g(x) ∈ A and so A = AS[x] ∩ R[x].
Now we have
A = AS[x] ∩ R[x] = f (x)S[x] ∩ R[x].
Consider the set
A′ = {s(x) ∈ S[x]: f (x)s(x) ∈ R[x]}.
Then we have A = f (x)A′ and A′ is a reﬂexive R[x]-ideal (because A′ = f −1(x)A which is re-
ﬂexive). Now since A is an ideal of R[x] and R[x] is Noetherian, A is ﬁnitely generated, say
there exist a1(x), . . . ,an(x) in A such that A = a1(x)R[x] + a2(x)R[x] + · · · + an(x)R[x]. Then we
have A′ = f −1(x)a1(x)R[x] + · · · + f −1(x)an(x)R[x]. Call si(x) = f −1(x)ai(x) for i = 1, . . . ,n. Then
A′ = s1(x)R[x] + · · · + sn(x)R[x] and each si(x) is in S[x]. We have shown before that there exists an
invertible ideal C of R such that Csi(x) ⊆ R[x] for all i. Therefore we have C[x]A′ ⊆ R[x]. Now C[x]A′
is a reﬂexive ideal of R[x] since C[x] is invertible and A′ is reﬂexive. Thus either C[x]A′ = R[x] or
C[x]A′ is a proper reﬂexive ideal of R[x]. In the former case we get A′ = C−1[x] and A = f (x)C−1[x],
hence A is invertible and we are done. In the latter case, by Lemma 5.1, we can write C[x]A′ as
C[x]A′ = (P1 . . . Pn)∗∗
for some height 1 prime ideals P1, . . . , Pn of R[x] (since R[x] is a prime Noetherian PI maximal order,
each Pi is maximal reﬂexive). Then we have C[x](A′ ∩ R)[x] ⊆ Pi for every i (since there exists an
invertible ideal D of R such that f (x)D ⊆ R[x], (A′ ∩R) = (0)). Thus we have C[x] ⊆ Pi or (A′ ∩R)[x] ⊆
Pi for every i which means that in both cases Pi ∩ R = (0). Therefore by Lemma 5.3, each Pi is
invertible and we have A′ = C−1[x]P1 . . . Pn and A = f (x)C−1[x]P1 . . . Pn which is invertible and we
are done.
6. Rees ring over a PI G-Dedekind prime ring
We introduced the Rees ring R[It] associated to an ideal I in the preliminaries section. In Theo-
rem 6.2, we prove that if R is a PI G-Dedekind prime ring then the Rees ring R[Xt] where X is an
invertible ideal is also a PI G-Dedekind prime ring.
Lemma 6.1. Let R be a PI G-Dedekind prime ring and A be a maximal reﬂexive ideal of the Rees ring R[Xt],
where X is an invertible ideal of R, such that A ∩ R = (0). Then A is an invertible ideal of R[Xt].
Proof. We ﬁrst note that by [18], R[Xt] is a maximal order.
A ∩ R is a height 1 prime ideal of R: Now A ∩ R is a non-zero ideal of R . Since R is a prime PI
ring, A ∩ R contains an invertible ideal, say T . Since R is a prime Noetherian maximal order, by
Lemma 5.2 T contains a product of maximal reﬂexive ideals, i.e., there exist P1, . . . , Pn maximal
reﬂexive ideals (therefore they are height 1 prime and moreover since R is a G-Dedekind prime ring
they are invertible) such that
P1 . . . Pn ⊆ T ⊆ A ∩ R.
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(P1 . . . Pn)[Xt] ⊆ (A ∩ R)[Xt] ⊆ A.
Since P1[Xt] . . . Pn[Xt] ⊆ (P1 . . . Pn)[Xt], we get P1[Xt] . . . Pn[Xt] ⊆ A. Since P j X = X P j for all j (be-
cause they are all invertible ideals), by [12, Lemma 2.3], each of Pi[Xt] is a prime ideal in R[Xt] and
since A is a height 1 prime ideal in R[Xt] we get Pi[Xt] = A for some i. Therefore we have Pi = A∩ R
for some i which implies that A ∩ R is a maximal reﬂexive and therefore a height 1 prime ideal.
(A ∩ R)[Xt] is invertible in R[Xt]: Since A ∩ R is a maximal reﬂexive ideal and R is a G-Dedekind
prime ring A ∩ R is an invertible ideal of R . Now
(A ∩ R)[Xt] = (A ∩ R) ⊕ (A ∩ R)Xt ⊕ (A ∩ R)X2t2 ⊕ · · · and if we take
K = (A ∩ R)−1 ⊕ (A ∩ R)−1Xt ⊕ (A ∩ R)−1X2t2 ⊕ · · · .
Then K ⊆ Q [t, t−1] ⊆ Q (Q [t, t−1]) = Q (R[Xt]) by [18] and (A ∩ R)[Xt].K = R[Xt]; therefore (A ∩
R)[Xt] is invertible in R[Xt].
Finally we can conclude that A is an invertible ideal of R[Xt] because we know that A = (A ∩
R)[Xt] (since (A ∩ R)[Xt] is a prime ideal by [12, Lemma 2.3] and A is a height 1 prime ideal) and
since (A ∩ R)[Xt] is invertible by above paragraph, A is also invertible. 
Theorem 6.2. If R is a PI G-Dedekind prime ring then so is the Rees ring R[Xt] where X is an invertible ideal
of R.
Proof. Since R is a prime Noetherian ring, by [12, Proposition 2.1 and Lemma 2.3], R[Xt] is also a
prime Noetherian ring. Since R is a PI ring, R[t] is also a PI ring by [2] and since R[Xt] is a subring
of R[t] it is also a PI ring. In order to prove that R[Xt] is a G-Dedekind prime ring, we show that
R[Xt] satisﬁes Theorem 3.1(5). By [18], R[Xt] is a maximal order. Therefore it remains to show that
every reﬂexive R[Xt]-ideal is invertible. As in the proof of Theorem 5.4, since R[Xt] is a Noetherian
PI maximal order, it is enough to show that every maximal reﬂexive ideal is invertible. Thus let A be
a maximal reﬂexive ideal of R[Xt]. 
Case 1. A ∩ R = (0).
By Lemma 6.1, A is an invertible ideal and we are done for this case.
Case 2. A ∩ R = (0).
Since A ∩ R = (0), AS[t] = S[t] where S is the ring deﬁned before: First note that R[Xt] ⊆ R[t] ⊆ S[t].
If AS[t] = S[t] there exist f1(t), . . . , fn(t) ∈ A and there exist s1(t), . . . , sn(t) ∈ S[t] such that
f1(t)s1(t) + · · · + fn(t)sn(t) = 1.
Now let si(t) = s0i + s1i t + · · · + smi tmi . By deﬁnition of S and since R is a prime PI maximal order,
we know that there exists an invertible ideal B of R such that s j(t)B ⊆ R[t] for j = 1, . . . ,n. Now
clearly s j(t)BXmj ⊆ R[Xt] for every j = 1, . . . ,n, so if we choose m = max{mj: j = 1, . . . ,n} then
s j(t)BXm ⊆ R[Xt] for j = 1, . . . ,n. Call Y = BXm and take any y ∈ Y ; then we get
f1(t)s1(t)y + · · · + fn(t)sn(t)y = y.
Since s j(t)y ∈ R[Xt] we get y ∈ A, which is a contradiction since A ∩ R = (0). Therefore AS[t] = S[t].
AS[t] is a non-zero two sided ideal of S[t]: Clearly AS[t] is a right ideal of S[t]. Now we need to prove
that if s(t) ∈ S[t] then s(t)AS[t] ⊆ AS[t]. As we have shown above there exists an invertible ideal Y
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Y−1X2t2 ⊕ · · ·), A is a prime ideal and Y [Xt] A (since A ∩ R = (0)). Thus Y−1[Xt]AY [Xt] ⊆ A and
Y−1[Xt]A ⊆ AY−1[Xt]. Now, s(t)AS[t] = s(t)Y [Xt]Y−1[Xt]AS[t] ⊆ s(t)Y [Xt]AY−1[Xt]S[t] ⊆ AS[t]
and we are done.
AS[t] = f (t)S[t] for some central element f (t) of S[t]: We have shown in the proof of Theorem 5.4
that if S is a simple ring, every non-zero ideal of S[t] is centrally generated principal.
A = AS[t] ∩ R[Xt]: Clearly A ⊆ AS[t] ∩ R[Xt]. Now for the converse, let g ∈ AS[t] ∩ R[Xt] then
g = f1(t)s1(t) + · · · + fn(t)sn(t), f i ∈ A and s j ∈ S[t],
and g ∈ R[Xt]. We know that there exists an invertible ideal C of R such that s j(t)C ⊆ R[Xt] for
every j = 1, . . . ,n. Thus gC ⊆ A and therefore R[Xt]gR[Xt]C[Xt] ⊆ A. Since A is a prime ideal and
C[Xt] A we get g ∈ A and so A = AS[t] ∩ R[Xt].
Now we have
A = AS[t] ∩ R[Xt] = f (t)S[t] ∩ R[Xt].
Consider the set
A′ = {s(t) ∈ S[t]: f (t)s(t) ∈ R[Xt]}.
Then we have A = f (t)A′ and A′ is a reﬂexive R[Xt]-ideal (because A′ = f −1(t)A which is re-
ﬂexive). Now since A is an ideal of R[Xt] and R[Xt] is Noetherian, A is ﬁnitely generated, say
there exist a1(t), . . . ,an(t) in A such that A = a1(t)R[Xt] + a2(t)R[Xt] + · · · + an(t)R[Xt]. Then we
have A′ = f −1(t)a1(t)R[Xt] + · · · + f −1(t)an(t)R[Xt]. Call si(t) = f −1(t)ai(t) for i = 1, . . . ,n. Then
A′ = s1(t)R[Xt] + · · · + sn(t)R[Xt] and each si(t) is in S[t]. We have shown before that there exists
an invertible ideal Y of R such that Y si(t) ⊆ R[Xt] for all i. Therefore we have Y [Xt]A′ ⊆ R[Xt].
Now Y [Xt]A′ is a reﬂexive ideal of R[Xt] since Y [Xt] is invertible and A′ is reﬂexive. Thus ei-
ther Y [Xt]A′ = R[Xt] or Y [Xt]A′ is a proper reﬂexive ideal of R[Xt]. In the former case we get
A′ = Y−1[Xt] and A = f (t)Y−1[Xt], hence A is invertible and we are done. In the latter case, by
Lemma 5.1, we can write Y [Xt]A′ as
Y [Xt]A′ = (P1 . . . Pn)∗∗
for some height 1 prime ideals P1, . . . , Pn of R[Xt] (since R[Xt] is a prime Noetherian PI maximal
order, each Pi is maximal reﬂexive). Then we have Y [Xt](A′ ∩ R)[Xt] ⊆ Pi for every i ((A′ ∩ R) = (0)).
Thus we have Y [Xt] ⊆ Pi or (A′ ∩ R)[Xt] ⊆ Pi for every i which means that in both cases
Pi ∩ R = (0). Therefore by Lemma 6.1, each Pi is invertible and we have A′ = Y−1[Xt]P1 . . . Pn and
A = f (t)Y−1[Xt]P1 . . . Pn which is invertible and we are done.
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